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Introduction 

Recent results on moderate deviations for random complex zeroes [7] are 
a challenge for probability theory, since they involve complex analysis, in 
contrast to asymptotic normality obtained via random fields [H]. Taking up 
the challenge, I deduce moderate deviations for random complex zeroes from 
a new general theorem on moderate deviations for random fields. As a by- 
product, the same general theorem gives the asymptotic normality, avoiding 
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the diagram techniques of However, I consider only smooth test functions, 
leaving aside interesting effects of sharp boundary [7] . 

The random complex zeroes are singularities of a stationary random field 
on the complex plane (the logarithm of the absolute value of a normalized 
Gaussian analytic function). This random field transcends the existing theory 
of moderate deviations (see [3] , [1] and references therein) in several aspects: 

(a) it is a random field on the plane, not a random process on the line; 

(b) it has some, but not all exponential moments; 

(c) it is some function of a Gaussian random field, but the function 
[z I— *• ln|2;|) is singular at 0, which entangles moderate deviations of the 
non-Gaussian field with small deviations of the underlying Gaussian field; 

(d) the underlying Gaussian field is non-stationary. 

The first part (Sections [IHl]) contains the general result in dimension one 
(random processes on the line). Dimension two (random fields on the plane) 
is treated in the second part (Sections [5H6]), using the first part. The third 
part (Section [7]) deals with random complex zeros. 

Main results of the first part and the third part are formulated below. 

1 Definition. A stationary random process X = {Xt)teR is splittable, if 
E exp |Xo| < oo, EXq = 0, and there exists (on some probability space) a 
triple of random processes , X~ , such that 

(a) the two processes X~,X~^ are independent; 

(b) the four processes X, X^, X~ , X~^ are identically distributed; 

(c) E exp(/°^ \Xr - X?\ dt + /,°° |X+ - Xf\ dt) < oo. 

2 Theorem. For every splittable stationary random process X there exists 
a G [0, oo) such that for every compactly supported continuous function 
/ : M ^ M, 

Alogr-.0 -J —OO 

That is, for every e there exist R and 6 such that the given expression 
is e-close to the right-hand side for all r > i? and all A 7^ such that 
|A| logr < 6. 

3 Corollary. Let X, a and / be as in Theorem [21 and cr 7^ 0. Then 

.Ji-. / /G)^*dt>ca||/|U,(M)v^) =-i. 

{clogr)2/r^0 ^ ^ / 

2 

Unfortunately, the region of moderate deviations (r— >oo,c-^cx3, > 
0) is not covered. The condition leaves a small gap between 

1—1 2 

Corollary [3] and large deviations (y = const). 
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4 Corollary. Let X, a and / be as in Theorem [21 Then the distribu- 
tion of r^"^/"^ j f(^-^Xtdt converges (as r oo) to the normal distribution 



Consider now the random entire function ijj : C —>■ C defined by 

k=0 



where Co; Ci; • • • ^-^e independent standard complex Gaussian random vari- 
ables. 

5 Theorem. There exists an absolute constant cr G (0, oo) such that for 
every compactly supported C^-function /i : C — M, 

lim -tttt: InE exp Ar^ | > hi — ] f h dm \ = — f lA/iP dm ; 

Alog2r-.0 ^ z:i>{z) = ' 

here m is the Lebesgue measure on C, and A/i is the Laplacian of h. 

6 Corollary. Let o and h be as in Theorem [5l Then 

lim 4lnpf V /if-^ - — f /idm > — J \\Ah? dm \ = -- . 

(clog2r)/r^0 ^Z:l/.{2) = ^ 

The same holds for {—h), of course. 

7 Corollary. Let a and be as in Theorem O Then the distribution of 



r 



■ z:'il){z)=0 

converges (as r ^ oo) to the normal distribution A^(0, cr^ J | A/ip dm). 

This is the asymptotic normality established in using moments and 
diagrams. 



1 A chain of inequalities 

Main results of this section, formulated below, are Theorem 11.21 (used in Sect. 
EI), Proposition 11.51 (also used in Sect. Ej), and Proposition 11.61 (used in Sect. 
El see lHTOl) . 



3 



1.1 Definition. Let X,Y be random variables (possibly on different prob- 
ability spaces) and C e [0, oo). We say that y is a C -duplication of X, if 
there exist random variables Xi,X2,Z (on some probability space) such that 

Xi and X2 are independent, 

Xi,X2,X are identically distributed, 

Xi + X2 + Z and Y are identically distributed, 

InE exp AZ < CX^ for all A e [-1, 1]. 

1.2 Theorem. Let random variables Xi, X2, . . . (possibly on different prob- 
ability spaces) and numbers Ci, C2, ■ ■ • G [0, 00) be such that 

(a) Xn+i is a C„-duphcation of X„ (for all n = 1, 2, . . . ); 

(b) sup„((20)""C„) < 00 for some 9 < 1; 

(c) E expe|Xi| < 00 for some £ > 0; 

(d) EXi = 0. 

Then the following limit exists: 

lim — — ■ In E exp XXn ■ 



Given a function / : (0, cxd) [0,oo] and a number C e [0, cxd), we define 
another function f+[C] : (0, 00) — > [0, 00] as follows: 

U[Cm = inf^^ ^ IfipX) + -^CX' for A e (0, 1) , 

(1.3) pe[i/(i-A),oo) p p-1 

/+[C](A)=oo for A e [1,00). 

Further, we define recursively for n = 0, 1, 2, . . . 

(1.4) U[Co, Cn+l] = (/+[Co, . . . , CnMCn+l] ■ 

1.5 Proposition. For every e,9 e (0, 1), 
1 

On+l\2 /+['^0' ■■■,Cn] (A) < 
n-+oo,An-+0+ ^ ^ 

< lim sup -r-^f{X) -\ ^— sup 



1 - £ A-.0 A2-' ^ ^ 2£(1 - Ve)^ n {26)^ 



1.6 Proposition. For every e,9 e (0, 1), n and A, 

(a) if < A < £^"/2(l - v^) then 



-^/+[Co,...,CJ(A) < (l-£)/f^^) + — max ; 

2„+l^ + L U, , nJV y - V ^-/Vl-^y 2£ (1 - V^)2 fc=0,...,n (2^)^ ' 
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(b) let m e {0,1, . . . ,n-l} be such that {n-m)\ < 1 and yU < £:6''"/^(l- 
v^), where = jz^z^] then 



< {l-e)f{-^] + \- ^ + max 



v/^)2 21-6 J k=o,...,n {2eY ' 

The proof of Th. 11.21 uses Prop. 11.51 (whose proof uses Prop. II. 6p . The 
relevance of f ll.3l) -( n~4|) and 11.51 to 11.21 stems from Lemmas 11.71 11.81 The 
proofs of Propositions 11.61 and 11.51 are given after Lemmas II. 9[ 11.121 For the 
proof of Th. 11.21 see the end of this section. 

1.7 Lemma. For all random variables X, Y and all p G (1, oo), 

p In E exp -X — ip — 1) In E exp { y\ < 

p \ p — 1 J 

< InE exp(X + F) < i InE exppX + InE exp — . 

p p p — 1 

(In the lower bound we interpret oo — oo as — oo.) 

Proof. By the Holder inequality, 

(p-i)/p 

'—Y] 

p 



E exp(X + Y)=E (exp X ■ exp Y) < (E exppX^^^ (e exp 



the upper bound follows. We apply the upper bound to ^{X + Y) and (— 
instead of X, Y: 



-X < ilnEexp(X + r) + ^^ — ^ InE exp f ^— 

p p p \ p — 1 



the lower bound follows. □ 

1.8 Lemma, (a) Let random variables X,Y and a function / : (0, oo) 
[0, oo] be such that 

F is a C-duplication of X , 
InE exp AX < /(A) for all A G (0, oo) . 

Then 

In E exp \Y < /+ [C] (A) for all A G (0, oo) . 
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(b) Let random variables X, Y, Z and a function / : (0, oo) [0, oo] be 
such that 

X, Y are independent, 
InE exp AX < /(A) and InE exp XY < /(A) for all A G (0, oo) , 
In E exp XZ < CX^ for all A G [0, 1] . 

Then 

InE exp X{X + Y + Z) < f+[C]{X) for all A G (0, oo) . 

Proof. Item (a) is a special case of Item (b). Item (b) follows from Lemma 
11.71 (the upper bound) applied to A(X + Y) and XZ. □ 

1.9 Lemma. 

^/,[Co, . . . , a] (A) < (1 - (n + l)A)/( ^_ ) + ^"^^ 

for < A < — ^ — . 

n+1 

Proof. Induction in n. For n = 0, the needed inequality 

(1.10) ^/+l^](A)<(l-A)/(^)+^C forO<A<l 

follows from (11.31) for p = For n > 0, denoting /+[Co, . . . , C„_i] by g, 
the assumed inequality for n — 1 takes the form 



(1.11) ^M^)<{l-nX)f[^) + fj2^-'C, forO<A<l 

fc=0 

while the needed inequality for n becomes 



k=0 

for < A < 



n+1 



Let < A < ^. By dnUD, |^7+[C„](A) < (1 - X)g{fi) + |C„, where 

1 ^^ = ^ 

l-ji/x l-{n+l)> 



/i = We note that 1 — n/x = ^ i^^x^^ > 0, = i-(n+i)x from 



dm]) 



Thus, 



k=0 

□ 



1.12 Lemma. For every e G (0, 1), 

y,[c„, . . . , c„](A) < (1 - .)/(^) + ^ ( x: 2-'-'' v^) 

\ J,— n / 



for < A < £ 



fc=0 

minfc=o,...,n 2-^/'^^/Cl 



Proof. Induction in n. For = 0, the needed inequahty 

A \ A^ 



1/+[C](A) < (!-£)/(- 



-C for < A < e 



follows from (11. 3p for p = For n > 0, we write the assumed inequality 
for n — 1 in the form 



(1.13) l^(AoM)<(l-eoid)/(Y 



J^old \ -^old „2 
) + ^^old 

— Cold ^ ^Co 



f^old ^ ^£^old 

whenever < Aom < £^oid — — and < ^oid < 1 

O'old 



here g = /+[Co, . . . , Cn_i], (Tom = ZlLo 2 ''^'^VCk and moid 
minfc=o,...,n-i 2~'^/^A/Cfc. We have to prove that 



(1-14) ^,94Cn]iX)<{l-e)f[- 



A \ A2 2 



whenever < A < e — and < e < 1 
a 



here a = J2l=o 2-'=/2^ _ aoid+2-"/27c; and m = minfc=o,...,n 2-'=/2v/C^ 
min(moM,2-"/2yc;). 

By([ODforp = ^3^, 



^7+[C„](A) < 2(1 - e^,^)g(— ) + 



2 



l-£r__ 

whenever < A < e-new and < Snpw < 1 
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We combine it with fll.l3p for A, 



old 



A . 



1 



A ^ A'^ 2 \ C*nA^ 



(l-£new) (l-£old)/( TTj ' TTZ ' rj+TT^ T^ 7- \2'^old J "^r.^ . i 

In order to get (11 .141) it remains to find eoid^^^new ^ (0,1) such that (1 — 

£^old)(l — f^ncw) = 1 — ^, 

^ ^ ^ 2e^Al-e ) 2"+% " 2£ 

■'''-oldV-'^ ^new7 ^ ^new ^"-^ 

and A < e^ew, ^ ^oidfrf- 

-L '-new "-"old 



We define 



n „ /o / ^ 5 ^old , -I 5 i^new 



2~"/2a/(7„ x + l — e x + 1 

Clearly, ^oid < 1 (since ex < x < x + \—e) and £ncw < 1 (since e < 1 < x + 1). 
Also, 

X + 1 - £ - £X X + 1 - £ 
(1 — £^oldj(,l — £^newj — — " — — 1 — £ . 

x+1 — e X + 1 



Taking into account that 2-^^/2^^ = £oid ^^^j £oid ^ ^ ^ (i-enow)£oid 
get 



\<e— = - mm moid, — — 
o" a V x + 1 

. /£^'"^old ^ \ ■ ( (1 — gnew)gold 

= mm , — — = mm moid , e^ncw 

\ a X + 1 / \ (Joid 

Finally, we check (11.151) : 



0", 



old 



/ Cold\ 



2£^old(l ^ncw) 2'^~'"^£[jew 2 £X 25^^^ V X / 

_ ^oid(a^ + 1) , (a^ + l)^oid _ ^oid(a^ + 1) / , ^^ 
2ex 2£x2 2ex2 ^ ' 

^ 1 / q-oid(a^+ l) y ^ o;^ 
~ 25 V X y ~ 25 



□ 
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The reader may wonder, how did I found these formulas for ^oM, ^new in 
the proof of Lemma I1.12[ In fact, I have minimized the left-hand side of 
f ll.lSp in eoid,£^new restricted by (1 — £:oid)(l — £ncw) = I ~ e. The expression 

2^'^/^-\/C^)^ have appeared afterwards. 

Proof of Prop. 11.61 Denote maxfe=o,...,n j^jk by M. Without loss of generality 
we assume that Ck = M{29)^ for all k. Then 



Item (a) follows immediately from Lemma Fl. 121 

Proving Item (b), we use Lemma 11.121 for passing from f to g = 
f+[Co, . . . , Cm], and Lemma 11.91 for passing from g to g^[Cm+i, • • • , C*„] = 




and 




.,Cn]. Namely, 




and 



1 



g+[Cm+l, ■ ■ ■ , Cn]{X) < 




n 



□ 



Proof of Prop. 11.51 Let sup^ = M < oo (otherwise there is nothing to 



prove). We consider two overlapping cases separately. 
The first case: A < 

Prop. 11.6( a) gives eventually (when ^""/^A is small enough). 




It remains to divide by A^ and note that 




The second case: X ^ 6^. 
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We choose m G {0, 1, . . . , n — 1} such that 

< < A , 

apply Prop. 11.6( b). observe that ~ A, j^j-j- = o(A^) and get 

It remains to divide by A^ and note that 

(1 -£)hmsup^/(— ^) = -^hmsup^/(A). 

A VI — e/ i — e A^o+ A"^ 

□ 

We are not yet in position to prove Theorem 11.21 since the chains of 
inequahties considered above are based on the upper bound of Lemma II. 7[ 
We need similar results on lower bounds. 

Given / : (0, oo) [0, oo] and C G [0, oo), we define f-[C] : (0, oo) ^ 
[0,oo] by 

(1.16) f-[C]{X) = sup 2pf(-) ^CA^ for A G (0, oo) . 

pe[A+i,oo) p-1 

(The supremum is nonnegative, since the limit as p — oo is nonnegative.) 
Further, we define recursively for n = 0, 1, 2, . . . 

(1.17) /_[Co, . . . , a+i] = (/-[Co, . . . , C„])_[C„+i] . 

Lemmas 11.181 I1.19[ 11.221 and Propositions 11.261 11.271 are lower-bound 
counterparts of II. 81 [L9l 11.121 11.61 and 11.51 Proofs are quite similar, but many 
small changes in formulas look unpredictable, especially in the proof of 11.221 

1.18 Lemma, (a) Let random variables X,Y and a function / : (0, oo) — * 
[0, oo] be such that 

F is a C-duplication of X , 
InE exp AX > /(A) for all A G (0, oo) . 

Then 

In E exp XY > /_ [C] (A) for all A G (0, oo) . 
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(b) Let random variables X, Y, Z and a function / : (0, oo) [0, oo] be 
such that 

X, Y are independent, 
In E exp AX > /(A) and In E exp XY > /(A) for all A G (0, oo) , 
In E exp \Z < for all A G [0, 1] . 

Then 

InE exp \{X + Y - Z)> f-[C]{\) for all A G (0, oo) . 

Proof. Item (a) is a special case of Item (b). Item (b) follows from Lemma 
O (the lower bound) applied to A(X + Y) and (-AZ). □ 

1.19 Lemma. 

— . . . . aj(A) > (1 + (" + 1)A)/(y^^;^) - 2 g 2-'^-* 

for < A < OO . 

Proof. Induction in n. For = 0, the needed inequality 

(1.20) ^^-[^](A)>(l + A)/(^)-^C forO<A<oo 

follows from fll.161) for p = 1 + A. For n > 0, denoting /_[Co, • • • , C„_i] by 
the assumed inequality for n — 1 takes the form 

(1.21) _^(A)> (l + nA)/(— — )--5^2-^C. forO<A<oo, 

fc=0 

while the needed inequality for n becomes 
1 _ / A X A " 



2n^i9-iCn]{X)>{lHn+l)X)f[ )--J2^-'C, forO<A<oo. 

^ ^ fc=0 

Bv ffOnl) . |^_[C„](A) > (l + A)^(/i)-|C„, where /i = j^. We note that 
1 + n/i = i±g^ , ^ = and get from ^ 

2^^^^^- 1 + A ni + (n + l)AJ"2^^ 
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Thus, 

□ 

1.22 Lemma. For every e E (0, 1), 

1 1 1 _ / . \ 2 

^J-[Co, C^]iX) > Y^Jiil - e)X) - -^X' Yl 2"'^' 

^ k=Q ^ 

e mini,-n „ 2~^l'^\fCi. 
for < A < ^ 



E.=0,...,n2-'=/^V^ 

Proof. Induction in n. For = 0, the needed inequahty 

-f-[C]{X) > ^— /((I - e)X) - ^—^X^C for < A < ^ 



follows from f ll.l6p for p = For n > 0, we write the assumed inequality 
for n — 1 in the form 

(1.23) i^^7(Aoid) > -r^fiil - ^oid)Aoid) - ^-^Xl,al,, 

whenever < Aqm < — — — and < Sold < 1 ! 

1 — ^old CTold 

here g = f^[Co,...,Cn-i\, cTom = Efc=J 2"''/^a/C4 and moid = 
minfc=o,...,n-i 2^^/^v^Cfc^. We have to prove that 

(1-24) ^,94Cn]{X) > - e)X) - ^AV^ 

em 

whenever < A < and < e < 1 ; 

1 — e a 

here a = ELo 2-^/'\/^ = aoid+2-"/27c; and m = minfc=o,...,n 2-''/^VC~k = 
min(moid,2-"/2v/a:). 
By dnSl) for p = 

^?-[C^n](A) > — ^ g{{l - £ncw)A) - ^-^^C^\^ 

J- ^ncw ^new 

whenever < A < - — — and < ^new < 1 • 
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We combine it with fll.23p for Aqm = (1 — ^ncw)^'- 

7^,9-[Cn]{X) > T^^fT^^/((l-^new)(l-eold)A)- 
J- ^new V -L ^old 



1 £^old/, \2\2 2 \ 1 ^ncw ^ ^2 
i — fcnnw A 0„ij — - — — 0„,A • 



r, V- -new; u^i^ , r,„+i 

In order to get (11.241) it remains to find ^oM, £^new G (0,1) such that (1 

£^old)(l — £^new) = 1 — ^5 

/T r,r-\ 1 ^2 ^new ^ ,1 £^ 2 
(1.25) CTqI^ H Cn < cr 

and A < ff^, (1 - £,ew)A < rTT^f^- 
We define 

_ cTpid _ ex _ e 

^ n „ /o / ^ ; S^old , -I 5 ^new 



x + 1 x + 1— ex 

Clearly, ^oid < 1 (since ex < x < x+1) and < ^ncw < 1 (since e+ex < x+1). 
Also, 

xW—exxW — ex — e 

(1 — £^old)(l — f^new) = — " — ; = 1 — £ . 

x + 1 X + 1 — ex 



Taking into account that 2-''/^JC^ = £oid £oid ^ x 



new — 1 

we get 



em e . ( o"oid\ ^ 1 



A<- = - min mold, / ,-, 

1 — e a 1 — e \ x / x + 1 cTom 



exnioid 

mm ■ 



(l-£)(x + l)aoid'(l-£)(a; + l)- 

^old '^old ^ncw 



mm 



!^1 — ^old)(l — ^new) CTold 1 " 

Finally, we check (11.251) : 



1 - g 2 l-£ncw Cn _ {I- e){x + 1) 2 , Ijlf/ ,^\^^°^<i^^ 
2e„,H """'^ 2e.,. ' 2« " 2ex ''"i'^ + 2e + U 



1— eX+ln/, 1\ 1 — e n 

-^-rM' + -x) = ^^ ■ 

□ 
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1.26 Proposition. For every 6,6 ^ (0, 1), n and A, 

(a) if < A < - v^) then 



Ck 



— -/_[Co,...,CJ(A) > f((l-e)X) ^ max , , 

2^+1 J L U, , nJV ;_^_^MV ; ; 2£ (1 _ v^)2 fc=0,...,n (2^)^ ' 



(b) let m e {0, 1, . . . ,n - 1} be such that /i < - V^), where 

A 

l+(n-m)A ' 

1 



u = T7T^ — vt; then 



2„^-/_[Co,...,a](A)> 



> f [{1 — 6)a) — — 1 max 



(1 - ^fQY 11- d) fc=o,...,n {2dY ■ 

Proof. Denote maxfc=o,...,n by M. Without loss of generality we assume 
that Ck = M{2ef for all k. Then 



y2-^'^^k<^^ and min 2'^'^ = ^O'^/^ 

Item (a) follows immediately from Lemma [1.221 

Proving Item (b), we use Lemma 11.221 for passing from f to g 
/_[Co, . . . , Cm], and Lemma 11.191 for passing from g to g^[Cm+i, • • • , Cn] 
/_[Co,...,a]. Namely, 

^/_[Co,...,Cj(/i) > ^— /((l-£)/i) 

2m+iJ L u, , mjvp;-^_^Mv 2^ (i _ v/^)2 



and 



— ^5f_[Cm+l, • • • ,C'n](A) > 



- ^ ^ ' '^\l + {n- m)\) 2 ^ 

^ ' A,-=m+l 



□ 



1.27 Proposition. For every £, 6' G (0, 1), 



> (\ — e) liminf -rirfiX) ^ sup 



A^0+ A2'' ^ 25(1- V^)2 n (29)^ 
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Proof. Let sup,„ = M < oo (otherwise there is nothing to prove). We 
consider two overlapping cases separately. 
The first case: A < 

Prop. 11.26( a) gives eventually (when ^""/^A is small enough), 

1 1 M 

p„. . . . , a|(A) > — /((I - .)A) - ^ . 

It remains to divide by A^ and note that 

_l_|toi„fi_/((l_,)A) = (l_,)ltoi„fJ_/(A). 

The second case: A 6*". 

We choose m G {0, 1, . . . , n — 1} such that 

A^ < ^"^ < A , 

apply Prop. 11.26( b). observe that fi ~ A, 1^ = o(A2) and get 

^j4Co, . . . , a](A) > ^/((i - .)/.) - {ysJT^^ + ^(^'))^- 

It remains to divide by A^ and note that 

^ hminf -^/((l - e)fi) = {1 - e) liminf ^/(A) . 



l-£ A2' ' ' A^0+ A2' 

□ 

Now we combine lower and upper bounds. (See also 15.131 for a more 
general statement.) 

1.28 Proposition. Let numbers Ci, C2, ■ ■ ■ satisfy sup^((2^^)^"C„) < 00 for 
some 9 < 1, and functions /i,/2,--- : (0, cxd) — > [0, cxd] satisfy {fn)-[Cn] < 
fn+i < (/n)+[C'n] for all n. Assume existence of the limit lim;^^o+('^^^/n(A)) G 
[0, 00) for every n. Then the following limit exists: 

hm 4^ G [0, 00) . 

An^O+ 2"A2 ^ ' 



n— >oo 



Proof. By Prop. II. 5[ for every m and e, 
1 

n— >oo,An— >0+ 



1 ^(A) , 1 C„ 
< hm — — 1 ^— sup 



1 - e A2 25(1 - n>m (26)^-'^-^ 
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Therefore 

/n(A) 1 /„(A) ^"^+1 Cn 

lim sup — - < lim — - H ^— sup , ^, < oo 

The last term vanishes as m oo; 



hm sup —r < hm inf hm 

2"A2 - \ -e m->oo A^0+ 2'"A2 



Now the factor 1/(1 — e) may be dropped. 

The same argument apphes to lower bounds (using Prop. I1.27P : 

lim inf '^"^'^'^ > lim sup lim . 

n^oo,An^O+ 2"A2 " m^oo A^0+ 2™A2 

It follows that these four numbers are equal. □ 

1.29 Lemma. If EX = then E exp AX > 1 for all A G M. 

Proof. Ee^^ - 1 = E (e^^ - 1 - AX) > 0. □ 

1.30 Lemma. If F is a C-duplication of X and E exp£:|X| < oo for some 
e > 0, then E exp(5|F| < oo for some 5 > 0, and EF = 2EX. 

Proof. We use 11.8( a) and note that f{e) < oo implies f+[C][j^) < oo (see 
fll.lOp ). therefore E exp j^Y < oo. The same holds for (—X), {—Y), thus 
E exp^|F| < oo. For Z of Def.Owe have EZ = ^[^^^InE expAZ = 



therefore EF = 2EX. □ 

Proof of Theorem 11.21 By induction, using Lemma fl.30l E exp£:„|X„| < oo 
for some e„ > 0, and EX„ = 0. By Lemma [l.29[ E exp AX„ > 1 for all A. 
By 11.8( a) and ll.l8T a). the functions 

/„ (A) = InE exp AX„ 

satisfy (/„)_[C] < fn+i < (/„)+[C]. Prop. [OH ensures existence of the limit 

/n(A) 



lim 



n^oo',\n^O+ 2"A2 

The same argument applied to (— X„) gives us lim„^oo,An^o- ^r^- The two 
limits are equal, since both are equal to lim„^oo(2~"~^/^'(0)) . □ 
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2 Splittable random processes 



Theorem [21 Corollary [3] and Corollary HI formulated in the introduction, are 
proved in this section. Theorem 12. 161 is used (and generalized) in Sect. [5] (see 
15.61) . and Lemma [231 is used in Sections [3l [51 Many arguments of this section 
(especially, proofs of 12. 10112. 151) are reused in Sect. [SI (especially, I5.14H5.101) . 

Splittability is defined in the introduction (see Def. H]) for stationary 
random processes. The reader may restrict himself to random processes 
with continuous sample functions, but in full generality, a random process is 
treated in this work as a measurable map X : M x ^ M (given a probability 
space {fl, J-',P)). Two such maps Xi, X2 : M x ^7 ^ R satisfying 

(2.1) P{{uj : Xi{t,uj) = X2{t,uj)}) =1 for every tGM, 

are the same for all purposes of this work. (Accordingly, we may treat a 
random process as an equivalence class.) Every t G M leads to a random 
variable : 1] ^ R, Xt{uj) = X{t,uj), treated as an equivalence class. 
Sample paths t \—>- X{t, u) are defined for almost all u, but only as equivalence 
classes; their (dis-) continuity is irrelevant. 

Here is some background (mostly for non-probabilists). 

Condition (12.11) ensures that \Xi{t,Lu) \ dt = \X2{t,uj) \ dt for almost 

all u. Thus, the random variable |Xi| dt is well-defined as an equivalence 
class of functions Q — > [0, 00]. 

Two processes X:]Rxi7i— i>]R, y:]Rxf22— ^-R are called identically 
distributed, if for all n and ti, . . . , t„ G R the random vectors (X^^, . . . , Xt„) 
and {Yt-^^, . . . ,Yt^) are identically distributed. It follows that the random 
variables \Xt\dt and \Yt\dt are identically distributed. 

The same holds for many other integrals, of course. Some of them are 
mentioned in Def. HI Th. 121 and the corollaries. 

A process X is called stationary, if for every s G R the shifted process 
(t, u) I— > X(s + t, u) is distributed like X. 

Two processes X, F : R x 1] ^ R are called independent, if for all n 
and ti, . . . , t„ G R the random vectors (X^^, . . . , Xt^) and (Ff^, . . . ,Yt^) are 
independent. 

If X is stationary then the distribution of J^^ \Xt \ dt does not depend 
on s. If X and Y are independent then the random variables \Xt \ dt and 
1 1^1 dt are independent. 

By the Fubini theorem, E |X(| dt = E |Xt| dt G [0, 00], and if this 
value is finite then Xt dt is a well-defined random variable f2 ^ R, and 
E J^Xtdt = J^EXtdt. 
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We will return to random processes after two quite general lemmas about 
random variables. 

2.2 Lemma. For every random variable X and numbers C e [0, oo), A e 
[-1,1], 

if E cosh X < cosh C then E cosh XX < cosh AC . 
Proof. It is sufficient to find a number u > such that 

cosh XX — cosh AC < ii(cosh X — cosh C) a.s., 
which boils down to the inequality 

A sinh Xy . 

cosh Xx — cosh Xy < (cosh x — cosh y) 

smhy 

for all X e M, 7/ e IR\{0} and A e [—1, 1]. In terms of the continuous function 
/ : M X M ^ M defined by 

_ , , cosh Xx — cosh Xy . , 

f{x,y) = — forx/y, 

cosh X — cosh y 

X sinh Xx , , .. ,9 

f{x,x) = —-— forx^O, /0,0 =A^ 
smhx 

the needed inequality becomes 

fiV: y) < f{x, y) = f{y, x) < f{x, x) whenever <x <y. 

In order to prove the latter we note that -^fix, x) < for x > (since 
Atanhx < tanhAx), and 

(9 Sinh. X 

fix Vi — ( fix Vi — fix Xii 

dx ' cosh X — cosh y ' / " 

The function g{x) = f{x,y) — f{x,x) satisfies g{y) ~ and 

g[x) > =^ g'{x) > for all x e (0, y) , 
which shows that g{x) < for all x e {0,y). Similarly, 

g{x) < =^ g\x) > for all x e (y, oo) , 
which shows that g{x) > for all x e (y, oo). □ 
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2.3 Lemma. For every random variable X and numbers C G [0, oo), A G 
[-1,1], 

if E exp |X| < coshC and EX = then E exp AX < exp(AC2A^) 
where A G (0, oo) is an absolute constant. 
Proof. We take 

ln(2 coshx — 1) 
A = sup ; 

xe(o,oo) 

the supremum is finite, since the fraction tends to 1 as x ^ 0+ and to as 
X oo. Using Lemma [2.21 and taking into account that coshX < exp |X| 
we get 

2 E cosh AX < 2 cosh AC < 1 + exp(A(AC)2) . 
On the other hand, E exp(— AX) > 1 by Lemma [1.291 Thus, 

E exp AX = 2 E cosh AX - E exp(-AX) < 2 E cosh AX - 1 < exp^AC^X"^) . 

□ 

2.4 Remark. Lemma 12.31 is a uniform version of equivalence between the 
following two conditions on a random variable X: 

(a) there exists C < oo such that InE exp AX < CA^ for all A G [—1, 1]; 

(b) E exp |X| < oo and EX = 0. 

This equivalence is easy to prove without Lemma 12.21 as follows. 

(a) =^ (b): Eexp|X| < E (e^ + e"^) < 2e^ < oo; and EX = 
A|^^^lnEexpAX = 0. 

(b) =^ (a): the function X X ^ InE exp AX is continuous on [— 1, 0) U 
(0, 1] and has a finite limit at 0, therefore it is bounded. 

We return to random processes. 

2.5 Lemma. 

E expA|Xt| dt. 





I'T 




E exp — 


/ Xtdt 




r 


Jo 





Proof. By convexity of the function x ^ e 



exp ( A^ / |Xt|dt ) < - / expA|Xt|dt; 



r 



we take the expectation. □ 
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Here are the main steps toward Theorem [21 Using Th. 11.21 we get the 
convergence for /(■) = 1 and r G {1,2,4,8,...} (Prop. 12.101) . then tor all 
r (Prop. [2.13p . By 'concatenation' (Lemma I2.14p we treat step functions /. 
Continuous / are reached by a limiting procedure (Lemma 12. 17p based on an 
upper bound (Th. 12.161) that holds for all bounded measurable /; its proof 
uses Prop. II. 5[ 

According to Def. [H all sphttable processes are stationary in this section 
(but not in Sect. [5l see Def. 15.51) . 

2.6 Lemma. Let X be splittable. Then there exists C < oo such that 

(a) for every r G (0, oo), the random variable ^ Xt dt is a C-duplication 
of the random variable Xt dt; 

(b) for every s,r G (0, oo) and every measurable / : (— s,r) [^1)1] 
there exist (on some probability space) random variables YL, and Z such 
that 

Y_,Y^ are independent; 

Y_ is distributed like fit)Xt dt; 

F+ is distributed like f{t)Xt dt; 

F_ + r+ + Z is distributed like £^ f{t)Xt dt; 

InE exp \Z < for all A G [-l,'l]. 

(c) for s, r and / as in (b) and A G [—1, 1], 

/r -I r-O 

f{t)Xtdt < - InE exppA / f{t)Xtdt+ 
P J-s 

+ -lnEexppA / f{t)Xtdt + ^^CX'^ for p G 
P Jo P - 1 



1 

oo 



1- A' 



/r X 
f(t)Xtdt>p InE exp- f(t)Xtdt+ 
P J~s 

A f" 1 

+ plnEexp- / f(t)Xtdt CX'^ for p G [1 + A, oo) . 

P Jo P - 1 

Proof. Item (a) is a special case of (b). Item (c) follows from (b) by 11.8( b) 
and 11.18T b) applied twice: to Y_,Y^,Z and {—Y_),{—Y^),{—Z). In order 
to prove Item (b) we take X^, X^ ,X~^ as in Def. [H Random variables Y_ = 
J^^ f{t)Xf dt and Y^ = f{t)X^ dt are independent and distributed like 
f_J{t)Xtdt and jlf{t)Xtdt respectively. We define Z = f_J{t)X^dt - 
YL— yii_, then the random variable Y^+Y^+Z is distributed like J^^ f{t)Xt dt. 
It remains to ensure that InE exp XZ < CX^ for A G [—1, 1]. 
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lim — -InEexpA/ Xtdt. 







We have E exp \Z\ < E exp(/°^ \f{t)\\Xf-Xi\dt+J^ \fit)\\X^-X+\ dt) 

< B, where 5 = E exp (/°^ |X° - X[- \ dt + |X° - X+ 1 dt) . Also, EZ = 
(the use of Fubini theorem is justified by finiteness of B). By Lemma 12.31 
InE exp \Z < AM^X'^ if M is defined by coshM = B. □ 

2.9 Remark. The constant C in l2.6l depends only on the expectation in Def. 

m- 

2.10 Proposition. If a process X is splittable then for every r G (0, oo) the 
following limit exists: 

r2"r 

Proof. Random variables X„ = Xt dt satisfy Conditions (a)-(d) of The- 
orem [L2l Indeed, Lemma [2161 (a) verifies (a) for C„ = C; (b) and (d) are 
evident; (c) follows from Lemma [2.51 □ 

2.11 Lemma. Let X be splittable. Then there exists a G [0, oo) such that 

1 r^"'' 1 

lim — — ■ InE exp A / Xtdt = -a'^r for all r G (0, oo) . 

n^oOjAn^O 2"A Jq 2 

Proof. For each r the limit exists by Prop. 12.101 Denote the limit by <f{r). 
Applying Lemma [TSl^c) to 2"s, 2"r (and /(■) = 1), dividing ([2I7D, 1^ by 
2"'A^ and taking the limit we get 

^ + fir)) < if{s + r) < p{(f{s) + if{r)) 

for all p > I; thus, ip{s + r) = ip{s) + ip{r) for all s,r > 0. Being measurable, 
such ip must be linear. Finally, ip{r) > 0, since E exp A Xfdt > 1 by 
Lemma QUI □ 

2.12 Lemma. The convergence in Lemma [2. Ill is uniform in r G (0, M) for 
every M > 0. 

Proof. Denoting 

„2"r 



fn{\r) = — -InE exp X I X^dt-O.SaV^ 



1 

2^2 

we have (for every t) fn{X, r) — as n — oo. An — » 0. By (12. 7p . 



2"A2 (/„(A, s + r) + 0.5a\s + r)) < h'^ipX f {fn{pX, s) + 0.5a^s) + 

+ -2-{pXf{fn{pX,r) + 0.5aV) + -^CX' 
p ^ ' p — 1 
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provided that (1 — X)p > 1. Thus, 

/n(A, s + r)< pfnipX, s) + pfnipX, r) + (p - 1) ■ 0.5a''is + r) + 2-"^C , 

p — 1 

By m, 

2"A=(/,.(A,s + r)+0.5<7=(3 + r)) >p2"{-) (/„(-, s) + 0.5<T'sj + 
provided that p — X> 1. Thus, 



/n(A, s + r) > -U (-,r) + -fn (-, r) - ^ • 0.5^^(5 + r) - . 

p \p J p \p J p p — 1 

Given e > 0, we take N and 5 > such that |/n(A, r)\ < e whenever n > N, 
n\X\ < 6 and r e A for some measurable set A C (0, 2M) of Lebesgue 
measure > |M. Increasing N if needed, we guarantee that jj < < |, 

We take p such that 

Then for s, r G (0, M) (and n > A^, n| A| < 6) we have 

-/n s) + -/„ r) - 2£ < /„(A, s + r)< 
p \p / p \p / 

< PfnipX, s) + pfnipX, r) + 2e. 
Assuming in addition that pn\X\ < S we get 

-fn s + r)- /„(A, s)--< /„(A, r) < 
p \p / p 

< pfnipX, S + r) - /„(A, s) + 2pe . 

lis,s + r E A then \ f^{pX,s + r)\ < e, |/„(^,s + r)| < e, \fn{X,s)\ < e, 
therefore |/„(A,r)| < 7e. It remains to note that for every r G (0, M) there 
exists s E A such that s + r E A. □ 
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2.13 Proposition. Let X be splittable. Then there exists a G [0, oo) such 
that 



hm 



— InEexpA/ Xt&t = -a"^ . 



r^oo,A log r— >0 t\ 

Proof. By lemma 12.121 for every e there exist N and 5 such that 



2'^A2 



2"r 



InE expA / Xtdt- -aV 



< e 



whenever > A^, n|A| < 5, 1 < r < 2. Dividing by r and letting 2"r = s we 
get 



1 



InE expA / Xtdt- -a' 



< £ 



□ 



whenever s > 2 and |A| log2 s < 5. 

2.14 Lemma. Let X be splittable, u,v,a,b G [0, oo), and / : (— m, 
[— 1, 1] a measurable function. Then existence of two limits 

lim —r InEexpA / f(-\Xtdt = a, 

r^oo,Alogr-*0 rA^ J Vr/ 

lim —InEexpA/ f[-]Xtdt = h 

implies existence of the following limit, and the equality 

lim —InEexpA/ f {-]Xtdt = a + h . 

Proof. Applying Lemma 12.6( c) to ur,vr (and f{-/r)), dividing fl2.7p . 
by r A^ and taking the limit we get (similarly to the proof of Lemma 12.111) 

-ia+h) < liminf ——InEexpA / ff - )Xt dt < limsup(. . . ) < »(a+6) 

P r^oo,Alogr^O rA2 J_ur^rJ 

for all p > 1 . □ 

2.15 Lemma. Let X be splittable. Then there exists a G [0, oo) such that 



1 /t\ 
lim —InEexpA/ f(-]Xtdt = — 

D,Alogr-.0rA2 J oc^rJ 2 



2 

L2( 



for every step function / : M — M (that is, a finite linear combination of 
indicators of bounded intervals). 
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Proof. Induction in the number n of 'steps' of /. For n = 1 {a. single inter- 
val) it follows from Prop. 12.131 The transition to n + 1 is ensured by the 
'concatenation' Lemma F2.14[ □ 

2.16 Theorem. For every splittable process X there exist R G (1, oo), 6 > 
and M < oo such that 

^ InE expA / fit)Xtdt < M 



rX 

for all r G [i?, oo), A G [— j^,0) U (0, and all measurable functions / : 
M^[-l,l]. 

Proof. Let A > (otherwise we turn to (—/))• For every s G (0, 1] Lemma[2IS] 
gives E exp | f{t)Xt dt| < E exp |Xo| < oo. Lemma 12.31 gives a constant 
Ci such that E exp A f{t)Xtdt < exp(CiA^) for |A| < 1. Lemma [2^61 gives 
us another constant, denote it by C2. (Note that Ci,C2 do not depend on 

/•) 

Defining functions an '■ (0, 00) [0, 00] by 



ao{X) 



CiA^ for AG (0,1], 

00 for A G (1, 00), 

= (a„) + [C2] forn = 0, 1,... 

we have for s G (0, 1] 

InE exp A / f{t)Xt dt < a„(A) for A G (0, 00) 
Jo 

for n = 0, and by induction, for all n; the transition from n to n + 1 is based 
on CT . 

By Prop. 01 

^™^^P 7;^«",(A) < 00 , 

which gives us N, 6 and C such that 2^rx2«n(A) < C whenever n > N, \n < 6. 
We have 

-J—\nEexpx[ ' f{t)Xtdt < - < 2C 

Z Sa Jq s 

for s G [|, 1]. Therefore 

1 

rA^ 

whenever r > 2^^-*^ and Alog2(2r) <6. □ 



2 InE exp A / /(t)Xidt < 2C 
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2.17 Lemma. Let X be splittable, and a as in Lemma [2.151 Then the set 
of all / G lvoo(0, 1) such that 

,2 



lim — InEexpA / f(-)Xtdt = ^ 



2 

^2(0,1) 



is closed. 



Proof. Let (7 belong to this set, / G Loo(0, 1) and ||/ — g\\ < e < 1. We 
consider random variables 

^ = ^l9{l)Xtdt, Y = \j\f-g) {i) X, dt . 

Theorem 12.161 gives us M such that 

1 e'^ Y 

— InE expAF = — — InE expeA • — < Me^ 
rV r[eXY e 

provided that r is large enough and |A|logr is small enough. We apply 
Lemma [1.71 to X, F, divide by rA^ and take the limit: 



^2 1 2 / P n2 



-9 

p 



1 t 

< liminf ——InEexpA / f ( - )X/ dt < limsupf. . . ) < 

p 2 p \p — 1 

for all p G (1, 00). We choose p = then 

^2 ^2 
(l-£:)y ||5(f-£:(l-5)M < liminf(...) < limsup(. ..) < yH^ff +£M. 

Also, 11/ — S'lliaCo,!) — ^- Having such g for every e we get liminf(. . .) = 
limsup(...) = 4||/||2. □ 

Proof of Theorem^ If / vanishes outside (0, 1), the claim follows immedi- 
ately from Lemmas 12.151 12.17[ In general we take C such that / vanishes 
outside (— C, C) and define g by g(t) = f{—C + 2Ct), then g vanishes outside 
(0, 1), and 



-i^ InEexpA j /(^)Xidt = 



'2 

IL2(0,1) ~ ^11^ \\L2{ 

□ 
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Proof of Corollary [31 Let r„ oo, c„ ^ oo, (c„ log r„)^/r„ — > 0; we have to 
prove that 



—)Xtdt>Cn<j\\f\\y/r\,j^-^ asn-^oo 



By Theorem |21 

1 , „ Ac„ /" „ / t \ , (T^ 



^InEexp— ^ / /(l)Xidt^^||/fA2 as n ^ oo 



for all A e M. By the Gartner-Ellis theorem [5j (with the scale c„ and speed 
c^), random variables J-^ / dt satisfy MDP with the rate function 



I — I 

^ 2ct21|/1|2 • '-' 

Proof of Corollary HI For every A G (— oo, 0) U (0, oo), by Th. [21 
1 

r(A/v/r) 



L—lnEexpAy/Qx^dt-yll/f as t - oo 



that is, 

1 r /+x /I 

'^A^ ) as t — > oo . 



E exp A ■ j f{^)Xt dt ^ exp (^^a' 



The weak convergence of distributions follows, see for example [U Sect. 30, 
p. 390]. □ 



3 Logarithm of a Gaussian process 

The main result of this section. Theorem 13.11 is instrumental in checking 
splittability of processes of the form Xt = log|^t| where ^ is a complex- 
valued Gaussian process. It is used in Sect. [H Proposition 13.51 is used in 
Sect. E 

Here is some background. Real-valued random processes on R (X : M x 
— M) are defined in the beginning of Sect. [21 Complex- valued random 
processes on R {X : R x i7 ^ C) are defined similarly. Let X be a complex- 
valued process having second moments (that is, E|X(p < oo for all t G R) 
and centered (that is, EX^ = for all t G M). Such a process is called 
Gaussian, if for all n G {1,2,...}, ti, . . . ,tn G R and Oil, . . . , Ojfi G C such 
that E \aiXt-^ + ■ ■ ■ + a„X(^p = 1, the distribution of the random variable 
aiXt-^ + ■ ■ ■ -|- anXt„ is the standard complex normal distribution 7^, that 
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is, has the density z ^ vr^-'^e^'^' w.r.t. Lebesgue measure on C The same 
holds for processes on (0, oo), on M^, and in fact on any measure space with 
a finite or cr-finite measure. Throughout this work, all Gaussian processes 
are complex-valued and centered 

3.1 Theorem. Let a number C G (0, oo) and Gaussian processes ^iT],!]' on 
(0, oo) be such that 

(a) ^,ri,ri' are independent; 

(b) f] and rj' are identically distributed; 

(c) for all u e [0, 1), 

oo 

Y,{nri{k + u)\Yl'<C- 

k=0 

(d) for all M G [0, 1), G {1, 2, . . . } and oq, . . . , a„ G C, 

n 2 n 



E 

Then 



k=0 k=0 



E exp r ln+ t^H^"^)^}] < exp(27r(C=^ + C)) . 

Jo \m+vit)\ - ^ 

Here ln^(. . . ) means max(0, ln(. . . )). The proof of Th. 13.11 given at the 
end of this section, uses finite-dimensional approximation (Prop. [33]). See 
also 16. 7[ 

The standard Gaussian measure 7" on C" has the density x 1— >■ 
TT"" exp(— |xp), X G C", w.r.t. Lebesgue measure on C". 

Let /i be a (finite positive Borel) measure on C" such that 

(3.2) / I In |x| I ;u(dx) < 00 . 

We denote by S*^ the random variable 

Siiiu) = / In /i(dx) 



on the probability space (C",7"). It is well-defined and integrable by the 
Fubini theorem, since 

[[ |ln|(a;,n)||/i(da;)7"(du) = 

= / /i(dx) / 7"'(dM) I In m)| I = / fi{dx) / 7^(d2;) | In |x| + In | < 

Jc" Jc" Jc" Jc 



< 



/ iJ,{dx) I I In |x| I + / ^^{dz) I In |z| I j < 00 . 
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Let /i, be two measures satisfying fl3.2l) . We say that and u are 
projectively equal, if / / d/i = / / dz/ for every bounded Borel function / : 
C" M such that f{cx) = f{x) for all x G C", c G C \ {0}. Clearly, every 
is projectively equal to some u concentrated on the unit sphere. 

If fi and u are projectively equal then S"^ — Si, is nonrandom. Namely, 
Sf_i{u) — S^{u) = A^^i, for almost all u; here A^^,^ = Jj^„ In |x| yu(dx) — 

In |x| z/(dx). Proof: the function fu{x) = ln|(x,M)| — ln|x| satisfies 
f {cx) = f{x). It is not bounded, however, it is both yU-integrable and u-in- 
tegrable for almost every u. For such u we get J fudfi = J fu dz/, thus 
Sf,{u) - Su{u) = A^^^. 

If fi and u are projectively equal then the corresponding centered random 
variables are equal: 

S^-ES^ = S,-ES,. 

Let /i be a measure on C™^", satisfying (13 .2^ . Then the random variable 
is defined on the product (C™+",7™+") = (€'",7") x (€",7") of two 
probability spaces. If /i is concentrated on C™ x {0} then does not depend 
on the second argument. If /i is somehow close to x {0}, we may expect 
that the second argument has a small impact on 5*^. In order to quantify 
this impact we may consider the function 

{u,v,w) ^ S^{u,v) - Sf,{u,w) = [ /i(d?/dz) In ^f^^^YVT-^ 

as a random variable on the probability space (C™, 7™) x (C", 7") x (C", 7"). 
An upper bound for this random variable is given in Prop. 13.51 under a quite 
technical (but useful) condition on fi formulated in Def. 13.31 The condition 
is sensitive to the choice of a measure within a class of projectively equal 
measures; the conclusion is not. 

3.3 Definition. Let /i be a measure on C^^", and A,B E [0, 00). We say 
that fi is (A, i?)-close to C™' x {0}, if it is an integral convex combination 
(that is, /i = Ht dt) of measures Ht on C™'"^" of the following form: each 
Ht is the counting measure on a finite set C C™"*"" (that is, 

/xt(A) = : Xk G A}; both xi, . . . , xk and K may depend on t) satisfying 
the following conditions formulated in terms of Uk G C'", G C"" such that 

yk®Zk = Xk- 

(a) \zi\ H h 1-2x1 < A] 

(b) \aiZi + ■ ■ ■ + aKZK\ < B whenever G C, \ak\ < 1 for all k; 

(c) laiXi + ■ ■ ■ + QkXkI'^ > |aip + ■ ■ ■ + la^l"^ for all ai, . . . , G C. 

Condition (b) makes sense for B < A (otherwise it follows from (a)). 
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3.4 Lemma. Let Xi, . . . , a;„ G satisfy |aia;i + ■ ■ ■ + a^x^p > |aip + ■ ■ ■ + 
|a„p for all ai, . . . , a„ G C. Then 

n n „ 

ti ti 
for all measurable /i, ...,/„: C [0, oo). 

Proof. The image of 7^ under the map 3 u {{^i^ u), . . . , m)) G C" 
is a centered Gaussian measure 7 on C" such that / |(a, f)p7(df) > |ap for 
all a G C". We define another centered Gaussian measure 7 on C" by 

J \{a,v)\^^{dv) = j |(a,i;)p7(dt;) - |ap for all a G 

and get 

' \{a,v)\'^{dv)= [ \{a,v)\'r{dv)+ [ \{a,v)\' ^{dv) , 



'f = 'J * 7 . 



which means convolution, 
Thus, 



7''{du)llh{{x,,u))= ^{dv)llMv,) = 

k=i k=l 

« n 

7(dw) / -f"'{dw)Y[fk{vk + Wk) = 
l{dv)T\ / ^\dz)Uvk + z)< / 7(dt;)ns^P / 7'(d^)/fc(z/ + ; 



□ 



3.5 Proposition. Let a measure fi on C""*"", satisfying fl3.2p . be (A, 5)-close 
to C"' X {0}. Then 

^"^{dumdv)r{dw) exp / /i(dyd^) ln+ ' ''.^ + f ' ''^ ' < 
Here yu(d?/dz) means fi{dx) where x = y (B z, x E C™+", y G C™, z G C". 




29 



Proof. Having fi = /x^dt (according to Def. 13 ■31) . we may prove the in- 
equality for fit instead of fi (for every t), since exp J fi{dydz) ln"'"(. ..) = 
exp dt / yUi(d?/dz) ln^(. ■ ■) < dtexp J fit{dydz) ln^(. . . ). The measure 
fit being the counting measure on a finite set of vectors = Vk ® Zk 
{k = 1, . . . , K, i/k & C™, Zk G C"), we have to prove that 




7-(dn)7"(d.)7"(d^) n---fl'^^^4#^^ < 

\ \{yk,u} + {zk,w}\ 



'"xC"xC" 1^^^ 



< exp(7r(A + 52)) , 

given that (a) Xlfc l-^^l — (^) IXl'^fe^ifcl — ^ whenever \ak\ < 1, and (c) 
I Y.k ^kVk? + I Y.k (^kZk? > Y.k \^k? for all ai,...,aKeC. 

We transform the integral in v and w by the transformation 

/V — W V + 

that is well-known to preserve the measure 'j^ x 7" on C" x C". Using also 
the evident inequality 

\{yk,u) + {zk,v)\ _^ \{zk,v-w)\ 



\{yk,u) + {zk,w)\ \{yk,u) + {zk,w)\ 

we get 

K 



IL 



7 (dt;)7 idw) max 1, : -. < 

:C" V '\{yk.u) + {Zk,w)\J - 

1 1 7"(dt;)7"(ci^) n fl 



\{yk,u) + {zk, V + w)/V2\ 



f [ r{dv)ndw) f[(l + — =- 



'^\{zk,w)\ 



•Jk ® Zk,U®v) + {zk,w)\. 
Applying Lemma [3.41 to the Gaussian measure 7™ x 7" on C™"*"", functions 

Jk\t) - i + — — - 

\t + {Zk,w)\ 

and vectors \/2yk (B Zk (k = 1, . . . , K) we get 

^ / 2\(zu.w)\ \ ^ 



II 7'"(dn)7Wn(l + ^ 



'k ® Zk,u®v) + {zk,w)\ 



K „ 

<r[sup / ^\dt) (1 + 



2|(^fc,n;)| - 
\s + t\ . 
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The supremum is achieved at s = (which is a special case of the Anderson 
inequahty, see for instance [21 Th. 1.8.5 and Cor. 1.8.6]). Taking into account 
that 

Y{dt) 2n 1 
— -- — = — / -e rdr = 



TT 



we get 



' 2\{z,,w)\ 



Zk,u®v) + {zk,w)\ 

K / K 



< 



< f[{l + 2V^\{zk,w)\) < exp r2v^^ . 

k=l ^ k=l ' 



Thus, 





7-'(dM)7"(dt;)7"(du7) JJmax ( 1 

k=\ 
K 



< 



7™(dM)7"(dt;)7 



/c™xC"xC" k=i^ \{\/2yk® Zk,u®v) + {zk,w)\ 

< [ r{dw) exp(2v^/(w;)), 

where f{w) = XlfcLi lizk^w)]; it is sufficient to prove that 

7"(du;) exp{2y/^ f{w)) < exp(7r(v4 + B^)) . 

It is well-known thati 

I exp(A/) d7'^ < exp (]x'C' + \ j f d7"') 

for every / : C" — > M satisfying the Lipschitz condition with constant C, and 
every A G M; see |21 (1.7.8)]. (The coefficient 1/4 before A^C^ differs from the 
coefficient 1/2 in [2] because the standard Gaussian measures on C"" and M^" 
have different covariations.) It remains to check that, first, / /d7" < 
and second, / is Lipschitz with the constant (at most) B. 



^Alternatively we could use Fernique's theorem (see for instance [3 Th. 2.8.5]), getting 
worse constants. 
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The former follows from the inequality \ zk\ < A and the fact that 



7"(dw) \ {zk,w) \ = \zk\ ■ I |t|7^(dt) = \zk\ ■— [ re ''Vdr = ^\zk\ 



Jo 2 

Finally, the gradient of / is of the form J2k'^kZk, l^kl < 1; we know that 

I J2k^kZk\ < B. □ 

Proof of Theorem 13.11 Given m e {1, 2, . . . }, we restrict our processes ^, t], v( 
to (0, m); accordingly, we replace 'XlfcLo' with '^Y^Zl' (c); ''^ G {1, 2, . . . }' 
with 'n G {1, 2, . . . , m — 1}' (or just 'n = m — V) in (d); and . . . dt' with 
' JJ" . . . dt' in the conclusion. It is sufficient to prove this modified theorem 
(for all m), since the limit m — > oo gives the original theorem. 

The random variables for t G (0, m) span a (closed linear) subspace 
G^^'^ of the Hilbert space L2{VL) of square integrable random variables. We 
choose an increasing sequence of n-dimensional subspaces Gn^ C G^^^ whose 
union is dense in G^^\ For each n we construct a Gaussian random process 

on (0,m) as follows: for every t G (0,m) the random variable ^n{t) is 
the orthogonal projection of ^{t) to Gn''. We construct processes rjn in the 
same way. (No need to coordinate the choice of Gn"* with the choice of Gn\) 
Constructing rj'^ we use the natural unitary correspondence between G^"^^ and 
G^'^ ^ (namely, rj'it) corresponds to rfit) for each t), and construct rj'^ such that 
r7^(t) corresponds to rjnit). Thus, for every n the three processes r^^, r^^ 
satisfy Conditions (a), (b). Condition (c) is also satisfied (just because the 
projection never increases norms). However, Condition (d) may be violated. 

Given e > 0, we'll prove the theorem with G replaced by (1 + e)G in the 
conclusion (but not in Condition (c)); this is evidently sufficient. 

We define measurable sets C [0, 1) as follows: u G A„ if and only if 
the inequality 



^ak{Cnik + u) + r]nik + u)) >^ 



fc=0 



2 m-1 

2 



ak 



k=0 



holds for all qq, . . . , Gm-i G C. The left-hand side is increasing in n (since 
+ 77„ is a projection of ^„+i + r^n+i), thus Ai C A2 C . . . Also, ^„(A; + u) + 
rin{k + u) — > ^{k + u) + rj{k + u) (in L2, as n ^ 00); we have an increasing 
sequence of quadratic forms on C", and their limit is strictly larger than 1 
everywhere on the unit sphere. We see that m G A„ for all n large enough; 
that is. An t [0, 1). We introduce Bn = [Jk=oik + An) and get Bn t [0,m). 

On the other hand, ^n{t) — >■ C,{t) (as n 00) a.s. (martingale conver- 
gence!) for each t (separately); thus, ^„(t, u;) — > ^(t, cu) for almost all pairs 
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{t,uj). Also, a;)lB^(t) C,{t,uj) (here 1b„ is the indicator of Bn). We 
apply Fatou's lemma twice. First, 



/o + >)(«)! " »-~ is. + 'fc(«)l 

for almost all u: and second, 



m 



E exp / d* lu- l«') + "'">l < limmf E exp / d( In* + ""Wl 



le(t) + 'K*)l " ii!,. \Ut)+Vn(t)\ 

It remains to prove the inequality 

^ / l^"" iH'it'^^^'l! < exp(2vr((l + efC' + (1 + .)C)) 

for all n. To this end we identify both Gn^ and Gn'''' with C", define a measure 
/X on © G^,"^ by 

<f{x®y)^{dxdy)= / (/^((l + £)e(t),(l + £)r/(t))dt 

(for all bounded Borel functions (p : Gn '' © gI'''' —>■ M), and apply Prop. 13.51 
taking A and -B of 13. 51 both equal to (1 + e)C. □ 



4 An example of a splittable process 

The random process considered in this section is a one- dimensional counter- 
part of the random field examined in Sect. El Many arguments of this section 
are reused in Sect. El 

4.1 Proposition. Let ^ = {^t)tm be a stationary centered Gaussian complex- 
valued random process such that 

E^s^ = exp(-0.5|s-t|2) 

for s,t G M. Then the stationary real-valued random process X = {Xt)tm 
defined by 

Xt = In letl + 0.5GEuler 

is splittable. (Here Gsuier = 0.577. . . is the Euler constant.) 
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Proof. First, 

E exp |Xo| < exp(0.5CEuier)E max(|eo|, l/|eo|) = 

= exp(0.5CEuicr) j max(|2;|, l/|2;|)7^(d2;) = 

= exp(0.5CEuier) ' — / max(r, l/r)e~^ rdr < oo 

Jo 

and 

In |z| -f\dz) = O.SCEuier + — / Inr ■ e'^Vdr = 

/■oo 

= O.SCEuicr + 0.5 / In X ■ e"^' dx = . 
Jo 

We have to find satisfying Conditions (a), (b), (c) of Def . [H 

Defining a map H : M ^ L2{M.) by 

S(t)(.) = (2/7r)V4exp(-(.-t)2), 

we get 
since 

= (2/7r)i/2 1 exp(-(. - tf - {s + tf)ds = exp{-{2tf/2) . 
We split E into S_ and S+, 

s_(t) = s(t) ■ i(-oo,o) , -+(^) = ■ i(o,oo) ; 

as before, 1a is the indicator of A. Clearly, 

Ee.6 = (2-G^),2-(t)) + (S+(s),S+(t)). 

(In fact, = $(-5 -t)exp(-0.5(s and = 

$(s + t)exp(-0.5(s-t)2), where ^(t) = (27r)-V2 J^^ g-^'/^ dw.) We con- 
struct (on some probability space) two independent centered Gaussian com- 
plex-valued random processes ^-,^+ such that 

Ee+(s)e4^=(H+(s),H+(t)), 
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then the process ^_ + ^+ is distributed hke ^. Further, we construct (on 
some probabihty space) four independent processes C,Z , , C,^ , C,X such that 
^Z, are distributed hke ^_ each, while ^+ — hke The four processes 
+ + + ^I^ + ^+ are distributed hke ^ each. Also, the two 

processes ^Z + + ^+ are independent. We define X°, X~ ,X~^ by 

X° = ln|r(t)+e^WI+0.5CEuler, 
X- = In \C{t) + + O.SCEuler , 

X+ = \n\eit)+^lit)\+0.5CEuler 

and observe that they satisfy Conditions (a), (b); Condition (c) has to be 
verified. 

Using the Holder inequality and evident symmetries, 
E exp y \X--X^\ dt+y dt^ < E exp (^2 dt^ 

(poo POO \ 

2 / - Xf) - d« + 2 / (X+ - X?) + d( j < 



00 



■^io \m+m 

where ^, 77 and rj' are defined by 

= i?^+(0.25t) , r/(t) = i?C(0.25t) , = i?^+(0.25t) ; 

the constant R G (0, 00) will be chosen later. Finiteness of this expectation 
is ensured by Theorem 13.11 provided that Conditions 13. l( a.b.c.d) are satisfied 
by ?7 and rj' (for some R and C). 

Conditions I3.1( a.b) are satisfied evidently. Condition (c) is satisfied for 
C = RJ2T=o l|S-(0-25fc)|| < 00, since 



k=0 k=0 

00 

= i?^||S_(0.25(A; + M))|| <C. 



k=0 
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It remains to verify IHTlT d). We have 



E 



k=0 



^afce(0.25(/c + n)) 



fc=0 



^afcS(0.25A;) 



k=0 



Now we use unitarity of Fourier transform; taking into account that 



E{t){s)e'^' ds = (27r)-^/V^*e 



we get 

II ^afcH(0.25A;) 



+00 



^afcS(0.25A;)(s^ 



ds 



+00 



ak{27i)-^/^ exp(0.25iAA;)e 



dA 



{2n) 



-1/2 



Stt 



^ exp(-0.5(A + 8/7r)2) ) dA > 



ak\- ) inf y^exp(-0.5(A + S/vr)^) . 

A6(0,87r)^ 

k lez 



It remains to choose R such that 



R^ ■ ^= • Stt inf V exp(-0.5(A + 8ln?) > 1 

\/2tT A6(0,87r)f^ 



□ 



5 Splittable random fields 

Random fields on the plane are examined in this section. The main results are 
two-dimensional counterparts of Theorem [2] and Corollaries [31 IH formulated 
below fl5.2H5.4l) after a two-dimensional counterpart of Definition [TJ 

Random processes on R (X : R x i7 — > R) are defined in the beginning 
of Sect. O Random fields on (X : R^ x 17 — > M) are defined similarly. 
A random field X is called stationaryjf] if for every s G the shifted field 
{t, uj) ^ X{s + t, u) is distributed like X. 



^In other words, homogeneous. 
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5.1 Definition. A stationary random field X = {Xt)f(z^2 is splittable, if it is 
C-splittable (see below) for some C G (0, oo). 

A stationary random field X = {Xt)te«.'^ is C-splittable, if E exp |Xo| < C, 
EXo = 0, and there exists (on some probability space) a family of 9 random 
fields X'''^, k e {-1, 0, 1}, / G {-1, 0, 1}, such that 

(al) the two triples (X''- , X''^, X-'+) and (X+'-, X+'O, X+'+) are inde- 
pendent, 

(a2) the two triples (X"'", X°'-, X+'-) and (X-'+, X°'+, X+'+) are inde- 
pendent; 

(bl) each X'^'^ is distributed like X, 

(b2) the joint distribution of the three processes X'^'", X^'", X'^'"'" does 
not depend on G { — 1, 0, 1}, 

(b3) the joint distribution of the three processes X~'^, X°'', X+'' does not 
depend on / G { — 1, 0, 1}; 

(cl)Eexp/jXj° -X3*-V^i<C, 
(c2) E exp(/^ |Xj'° - Xj'^^l dt2 < C, 

(c3) E exp iXj;, - X^:^'' - XlX^ + XZ^^^'^ I dtidt^ < C. 

Of course, X~~ is an abbreviation of X~^~^\ also, sgnt is —1 for t < 0, 
for a; = 0, and +1 for a; > 0. 

According to Def. 15.11 all splittable random fields are stationary. 

5.2 Theorem. For every splittable random field X there exists a G [0, oo) 
such that for every compactly supported continuous function / : — M, 

iHS I^^l^EexpA// /(^,^)x,,,,dMt, = ^||/||i^(^.). 

For the proof see the end of this section. 

5.3 Corollary. Let X, a and / be as in Theorem 15.21 and o" 7^ 0. Then 

.Ji-. ^lnF( // /(^,^)x,,,,dMt,>ca||/||r 

5.4 Corollary. Let X, a and / be as in Theorem 15. 2[ Then the distri- 
bution of JJ /(y, ^)X(j ^2 dtidt2 converges (as r —>■ 00) to the normal 
distribution X(0,cT2j|/||2). 

Random processes are instrumental in examining random fields. We gen- 
eralize Definition [T] and Theorem 12.161 to nonstationary processes as follows. 
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5.5 Definition. A random process X = is splittable, if it is C-split- 
table (see below) for some C G (0, oo). 

A random process X = {Xt)t^K is C-splittable, if for every t G M, first, 
E exp \Xt\ < C, second, EXj = 0, and third, there exists (on some probabil- 
ity space) a triple of random processes X~ , X~^ such that 

(a) the two processes X~,X^ are independent; 

(b) the four processes X, X^, X~ , X~^ are identically distributed; 

(c) E exp(/!^ |X7 - X0| d. + \Xt - X0| d.) < C. 

5.6 Theorem. For every C G (0, oo) there exist R G (l,oo), 6 > and 
M < oo such that for every C-splittable process X, 

1 r 

— In E exp A J f{t)Xt dt < M 

for all r G [i?, oo), A G [— j^,0) U (0, j^] and all measurable functions / : 
M-.[-l,l]. 

Proof. The proof of Theorem 12.161 (and Lemma 12.61) needs only a trivial 
adaptation. □ 

Stationary random fields can lead to nonstationary random processes as 
follows. For relevance of the process V see 15.81 

5.7 Lemma. Let X be a splittable random field, X^''- as in Def. 15. and 

f : M."^ [—1,1] a measurable function. Then the random process V defined 

by 

Vt, = [ fih, h) {XZ, - XZl^^') At, for t2 G M 

is splittable. Moreover, if X is C-splittable then V is C-splittable (for the 
same C). 

Proof. Let X be C-splittable, and t G M. We have 

E exp \V,\ < E exp / K'°-X,^f,f dt, = E exp / |X°'J-X,^f,S*"°l dti < C , 

since the distribution of (X^^'^^-s ~ Xtf^tl-^s)t\M&^ does not depend on s. 
Clearly, E l^t = 0. We define 

for t2 eM. and k G { — 1, 0, +1}, and check Conditions 15. 5( a.b.c). 
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(a) V ,V~^ are independent, since V involves only X ■ ,X^' 
while V+ involves only 

(b) Each V'^ is distributed like V, since the distribution of (X^'^^-s 
Xtfj^^-s)ti,t2m does not depend on s and fc. 



t POO 

E exp ( / - K°| ds + / |V+ - K°l 

\J~oo Jt / 

= E exp / - At, = E exp / " = 

Jr Jr 

= Eexp / dt, [ dt^f{t,,t, + t){X?;T^-Xtff-^^-'^-XZ,+XZ^^ 
Jr Jr 

< E exp // \X^X'^ - X,^f^^*-^^"*^ - X^^ + X,^f,?*-°| dtidt^ < C . 



□ 

Here is a two-dimensional counterpart of Lemma [2.6( b). 

5.8 Proposition. For every C G (0, oo) there exist R G (l,oo), 6 > and 
M < oo such that for every C-splittable random field X the following holds. 

Let G C be a rectangle of height r > R, split by a vertical line in 
two rectangles Gi,G2- (In other words: G = [ai, a^] x [bi, b,], Gi = [ai, a,] x 
[bi, 62], G2 = [a2, 03] X [bi, 62], and b2 — bi=r> R.) Let / : [—1, 1] be a 

measurable function. Then there exist (om some probability space) random 
variables Yi, Y2 and Z such that 

(a) 11,1^2 are independent; 

(b) Yfc is distributed like //^^ f{ti,t2)Xt-^^t2 dtidt2 (for k = 1,2); 

(c) Yi + Y2 + Z is distributed like JJ^ f{ti,t2)Xt^ t2 dtidt2; 

(d) InE expAZ < Mr\^ for all A G [-jf^, 

Proof. Without loss of generality we assume that 02 = 0. Using the 9 random 
fields X^'^ of Def. EH] we define 

,0 

,t2 1 



Yi= [[ /(ti,t2)X,-'°dtidt2= / dt, r dt2f{t,,t2)X;^ 

J JGi Jai Jbx 

r r ro-s pb2 

/(tl,t2)X+tdtidt2= / dt, / dt2/(tl,t2)X+; 

J Jg2 Jo Jbi 

fit„t2){XZ,-Xt^f^-')dt,dt2. 



Conditions (a), (b) hold evidently. Condition (c) holds, since Yi + Y2 

/^/(tl,t2X'5^dtidt2. 
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Lemma E3] applied to the function (^1,^2) ^ fiti^h) ■ l[ai,a3](^i) states 
that the process Vt, = ta) (^JJ^ - X'f^^''^) is C-sphttable. We 

note that J^^ Vt^ dt2 = Z. Theorem 15.61 gives us R, 6 and M (dependent on 
C only) such that InE exp XZ < Mr\^ provided that b2 — bi = r > R and 

^ [ Inr ' Inr] ■ ^ 

5.9 Remark. The same holds for a rectangle split by a horizontal line, 
since Def. 15.11 is symmetric w.r.t. the interchange of the two coordinates, 

In the following proposition, the simplest case d = amounts to Prop. 
11.51 plus a part (upper bound) of Prop. I1.28[ The case = 1 is used in the 
proof of Th. O in two ways: via EM and via EM - EH - EM - EUl - EM 

-Em 

5.10 Proposition. Let functions /„,(?„ : (0, 00) [0, 00] satisfy 

/n+l(A) < -fnipX) + ^9n(^X) 
P p \p — 1 / 

for all n, A and p G (1, 00), and 

limsup -^/n(A) < 00 
for all n. Let de {0,1,2,...}. If 



then ^ ^ 

1™^^P ^^;rT2/"(^) = 1™ limsup T^fnW < 00 • 

Proo/. We take 61 G (0, 1), 5 > and such that 



n>Af,An'*<<5 l^^^J ^ 



Given n > N, we define functions h^, h^+i, . . . ,hn : (0, 00) — > [0, 00] by 
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Then 



p p \p — 1 / 

< -hkipX) + ^^M{2df(^5n-''X 
p p \p —1 

= -hkipX) + -^Mi2efi6n~^fX' 
p p — 1 

for all p such that -^5n~'^X ■ n'^ < 6, that is, < 1. It means that 

hk+i < {hk)4Ck] , where = M{2e)\6n~''f (A; = iV, iV + 1, . . . , n - 1) . 
By Prop.IinKa), 

^K[X) < (1 - e)h,[-^^ + ^-^^^M(^n-)^(2^)- 
for e e (0, 1) and A < £9^''~^-^^''^{l - VO). That is, 

MX^e^ 



for X < 6n '^eO^^ ^ ^^^'^{l—y/O). (Now we may forget the functions Hn, ■ ■ ■ ,hr, 

and release n.) Therefore 

(5.11) 

1 , 11,. 1 . 

l™s^P ^^f^(^) ^ 1 77^1™ sup -^/iv(A) + -— y=- . 

On the other hand, by Prop. 11.6( b). 



-)n-N 



1-e/ V2£(l-v^)2 2 1-^ 



whenever m G {A^ + 1, + 2, . . . , n — 1} is such that A < ^^-^^ and yU < 
^^(m-iv-i)/2(^^ _ ^i^g^g ^ ^ TZ(;rzT;^- That is, 

7^/n(A) < (1 - ^)7^/Af f ■ 7 \ + 

2"' 2^^ \l — e l — {n — m)n'^d ^A/ 

V (1 - (n - m)n'^5-iA)22£(l - VO)^ 2n'^ 1 - 9 J 
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provided that A < 5n-'^^ and \ a.-iy < 5n-°'ee("-^-i)/2(i _ 

Assuming Q"^^^ <^ \n'^ ^ -^^e choose m such that 

then [n — m)n'^S^^\ <^ 1, SXn^'^O'^^^ <^ A^ and therefore 



11 1 . 

^ TT^limsup— /^(A) + 



l-e2^T-:o7A2^"^-^ 25(1 -v^)2- 
In combination with (15.111) it gives us 

1 11 1 M9^ 

This inequality holds for all large enough; we take iV — oo and then 

^™^^P ^^^•^"(^) - liminf limsup t^WT^InW ■ 
However, evidently 

liminf limsup —^/Ar(A) < hmsup hmsup -^^/Ar(A) < 

A^0+ 2 A'' N^oo X-,0+ 

- limsup 7^/n(A), 

n^oo,An'*+l-+0+ ^ ^ 

which means that all these numbers are equal. □ 

Here is the corresponding lower bound. 
5.12 Proposition. Let functions : (0, oo) [0, oo] satisfy 

/„+i(A)>2p/.(^)-(p-%„(-A_ 



for all n, A and p G (1, oo). Let d G {0, 1, 2, . . . }. If 



limsup fr,aln\2 9nW < °° some 6^ G (0, 1) 



then ^ ^ 

liminf — ri^fniX) = 1™ liminf — r7rfn(A). 

n^oo,An'i+i^0+2'^A2''^ ^ n^oo A^0+ 2'^A2 '^^ ^ 
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Proof. Let 6, 6, N, n, h^, ■ ■ ■ ,hn and Cn, . . . , Cn~i be as in the proof of Prop. 
Km then hk+i > {hk)-[Ck\. We use Prop.OSKa,b) instead of Prop.[IISi;a,b) 
and get (similarly to IS.lOp 



However, evidently 

which means that all these numbers are equal. □ 

Now we combine the lower and upper bounds, getting a generalization of 
Prop. OHl 

5.13 Proposition. Let functions fniQn '■ (0, C)o) [0, oo] satisfy 

\p/ \p—l/ p p \p — 1 / 

for all n, A and p G (1, oo). Assume existence of the limit 

lim ^fn{X) e [0,oo) 

A-+0+ A^ 

for all n. Let de {0,1,2,...}. If 
then the following limit exists: 

Proof. The limit exists, since lim sup and liminf are equal; indeed, by Prop. 
I5.1UI and 15.121 they are both equal to 

lim lim — r^fn(A) < c>o . 

n^ooA^0+2"A2-'^ ^ 

□ 
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Here are two-dimensional counterparts of 12.10^ 12.111 12.12^ 12.131 and I2.15[ 

5.14 Proposition. For every splittable random field X and all ri,r2 G 
(0, oo) the following limit exists: 



lim — — -InEexpA / dti / dta^ti.ta 



Proof. Let Si, S2 G (0, 1]. We define functions /„ : M — [0, 00] by 



/„(A) = In E exp A / / Xt,,t, dtidta , 

rectangles G„ of area 2"siS2 being 

G^k = [0, 2h^] X [0, 2^2] , G2k+i = [0, 2'^+^si] X [0, 2^=52] . 

Note that /„(A) > by Lemma and /„(A) < 00 for |A| < 2^" by (the 
evident two-dimensional counterpart of) Lemma [2.51 

The rectangle Gn+i can be split in two rectangles congruent to Gn (more- 
over, shifts of Gn) by a line of length < 2*^"+^)/^. Prop. 15.81 (in combination 
with Lemma [T!T|) provides R, S and M such that for all A G M and p G (1, 00), 
(5.15) 

2pfn(-) - {p-l)gn(^) < /n+l(A) < -/„(pA) + ^^gj^x] 

\pj \p — IJ p p \p — \ J 

where : M ^ [0, 00] satisfy 

^n(A) < M ■ 2("+i)/2^2 whenever 2("+i)/2 > ^ |A|!i±l 1^2 < 5 . 
We have ^ 

n^oo,\n-'0 (V2)"'A"' 

Prop. 15.131 (for d = 1) ensures existence of the limit 

1 

:;a;2^o+ 2"A 



The same argument applied to (—X) gives us lim„_,oo j^„2^o- "^a^- The two 
limits are equal, since both are equal to lim„^oo(2~"'~^/^'(0)). 

Given ri, r2 G (0, 00), we take m and Si, S2 G (0, 1] such that ri = 2™si, 
r2 = 2™S2 and note that 



InE exp A dt, dhXt,,t, = ■ ^^^-^-^/2(„+„)(A) . 



□ 



44 



5.16 Lemma. For every splittable random field X there exist a G [0, oo) 
such that 

lim — — InEexpA/ dti / dta^^^.ta = TT^^'^i'^a 

n-»oo,An2^0 4"A JO Jo ' ^ 

for all ri, r2 G (0, oo). 

Proof. Similarly to the proof of 12.111 we denote the limit (given by 15.141) by 
^{f 11^2)1 use Prop. 15.81 for proving additivity in r2 (for any given ri), as well 
as in ri (for any given r2), and conclude that v'(ri, r2) = crir2- □ 

5.17 Lemma. The convergence in Lemma [5.161 is uniform in ri, r2 G (0, M) 

for every M G (0, 00). 

Proof. Similarly to the proof of 12.121 we use the (approximate) additivity in 
r2 for any given ri (ensured by Prop. 15.81) and get the uniform convergence 
for (ri,r2) G A x (0, M) for some measurable set A C (0, 2M) of Lebesgue 
measure > |M. Then we use additivity in ri (for any given r2). □ 

5.18 Proposition. For every splittable random field X there exist a G 
[0, 00) such that for every a G (0, 00) 

-j^ pr par 

lim —^-^ InEexpA / dti j dt2-^ti,t2 = -cr^ • 



^^2\2 / -"'^--^1,^2 r) 

Alog2r^0 Jo Jo ^ 

Proof. Follows from Lemma 15.171 similarly to the proof of 12.131 □ 

5.19 Lemma. For every splittable random field X there exist a G [0, 00) 
such that 



A log2 ,--*0 



2 

2 "•' "^^ 



for every function / : ^ R that is a (finite) linear combination of indica- 
tors of (bounded) rectangles. 

Proof. Similarly to the proof of 12.151 we apply the concatenation argument 
(supported by 15.81) in t2, thus getting (via I5.18P functions / of the form 
f(ti,t2) = l(a,6)(^i) 72(^2) where /2 runs over step functions. Then we apply 
the concatenation argument again, this time in ti. □ 

Here is a two-dimensional counterpart of Th. 15.61 (see also 12.161 ). 
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5.20 Theorem. For every C G (0, oo) there exist R G (1,cxd), 5 > and 
M < oo such that for every C-splittable stationary random field X, 

— InEexpA/ dti / dt2f{ti,t2)Xt,.t,<M 
'■^ Jo Jo 



for aU r G [i?, oo), A G [— ^^,0) U (0,^-2-] and aU measurable functions 
/:M2^[-1,1]. 

Proof. We consider only A > (otherwise turn to (—/)). We define functions 
an : (0, oo) [0, oo] by 

a„(A) = suplnE exp A // /(ti, t2)-^ti,t2 dtidt2 ; 

x,f J JCn 

here the supremum is taken over all measurable / : — [—1, 1] and all 
C-splittable X, and rectangles G„ of area 2" are as in the proof of 15.141 
(for si = S2 = 1). We have a„(2"") < E |Xo| < C < oo by (the evident 
two-dimensional counterpart of) Lemma [2.51 It follows by Lemma [2.31 that 



limsup —an(\) < oo for all n. 

A^0+ A^ 



Using the upper bound of flS.lSp we get 

an+i(A) < -a„(pA) H gni -A 

p p \p — 1 

n^oo,Xn-'0+ (v 2)"'A^ 

By Prop. EH (for d=l), 

1 

n— »oo,An2^0+ 



limsup -^^o^nW < oo . 



Now the proof is finalized by the argument of the last paragraph of the proof 
ofEia □ 

Proof of Theorem 15. 2[ Similarly to the proof of Lemma 12. 17^ using Th. 15.201 
we check that the set of all / G Loo((0, 1) x (0, 1)) satisfying 

,2 



iog2r-,o Jo Jo \r r / z 



2 

L2((0,l)x(0,l)) 



Alog^ 

is closed. Due to 15.191 it contains all continuous functions. The rest of the 
proof is similar to the proof of Th. [21 □ 

Corollaries 15.31 and 15.41 follow from Th. 15.21 in the same way as Corollaries 
[3] and a from Th. [2 
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6 An example of a splittable field 

Splittability of the random field examined in this section is significant for 
Sect, m 

We consider a centered Gaussian complex- valued random field ^ = {C,t)tm'^ 
such that 

E^,^ = exp(-is A t - 0.5\s - tp) 

(here s At = (si, S2) A (^1,^2) = Sit2 — S2ti), and the real- valued random field 
X = (Xt)igiR2 defined by 

Xt = aln \^t \ + O.SaCEuier ; 

an absolute constant a G (0, 1] will be chosen later. The field satisfies 
E exp |Xo| < 00 and KXq = (see the proof of Prop. 14.11) . 

6.1 Lemma. X is stationary. 

Proof. For every r G the random field 

(exp(it Ar)^i+^)tg]R2 

is distributed like ^, since 



E exp(is A r),^s+rexp(it A r)C,t+r = 



We define a map S : ^ L2{M.'^) by 

S(t)(s) = ^exp(-it As-0.5|s-tn . 

y/TC 

The following fact is well-known, see for instance [6l (7.49)]. 
6.2 Lemma. E^sTt = (S(s),H(t)) for s,t G 
Proof. Using the equahty 




□ 
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we get 

{E{s),E{t))= I E{s){r)E{t){r)dr 



= - [ exp(-is A r - 0.5|s - + it A r - 0.5\t - r|^) dr = 

TT J 

= ^ y" exp(-i(s -t)Ar-\r- 0.5(s + t)\'^ - 0.25|s - dr = 

= exp(-0.25|s-t|^)iy" exp(-i(s -t) A (r + 0.5(s + t)) - \rf) dr = 

= exp(-0.25|s-i|^-0.5i(s-i)A(s+t)) - J exp(-i(s-i) Ar) exp(-|r|^) dr = 
= exp(-0.25|s - -is At) exp(-0.25|s - t\^) = E{,^. 



□ 



We introduce : W L2(M^) by 



-auaiit) = • , where 

1 if sgnti = oi and sgnf2 = 02, 
otherwise 



for ai, 02 = ±1. Clearly, 



01,02 



We construct (on some probability space) four independent centered Gaus- 
sian complex- valued random fields ^01,02 such that 



for ai, (12 = ±1; then the field J2ai 02 ^01.12 is distributed like ^. Further, we 
construct (on some probability space) 16 random fields Ca\'!a2 (^i' ^^2, ^1, ^2 = 
±1) such that 

the 16 fields are independent; 
(6.3) , , 

each is distributed hke ^a^^^^- 
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We define 9 random fields X^'' {k,l G { — 1,0, 1}), distributed like X each, 
by 



Xr = aln 



Xi''i'° = aln 



X^''" = a\n 



X'l-'^ = aln 



,a2=±l 
,a2=±l 

E c?2(^) 

,a2=±l 

E 45 (^) 



ai,a2=±l 



+ O.SaCEuler , 
+ O.SaCEuler , 
+ O.SaCEuler , 
+ O.SaCEuler 



for 6i, 62 £ !}• Ill order to prove splittability of X we check Conditions 
(al)-(c3) of Def. l5.1[ Condition l5.1( al) is satisfied (as well as (a2)), since the 
fields X-'-, X-'O, X-'+ involve ^al^l h = -1 only, while X+'-, X+'O, X+'+ 
— for 61 = +1 only. 

6.4 Lemma. Conditions I5.1( bl.b2.b3) are satisfied. 

Proof. According to (16. 3p . the four fields ^ai^2 independent and dis- 
tributed like ^ai,a2) therefore X^'"*" ~ X (here '~' means 'distributed like'). 
The same holds for the four fields ^ll^h ^^^^ ~ ^- Similarly, X'^'' ~ X 
for all k, I G {-1, 0, 1}, which is (bl).' 

According to (16. Sp . the 8-component field (^a^'a^Jai 02 fe2=±i is distributed 
like (e+'t) ai,a2,62=±i- Therefore the triple (X ' ,X '^,X '"*") is distributed 
like (X+'-,X+'0,X+'+) (which is a part of (b2)). Also, {Cl:al)a,,a2,b2=±i ~ 
(d'a2)ai,a2,b2=±i, since the transformation (01,02,61,62) ^ (01,02,0161,62) 
leaves ^ invariant. Therefore (X°'-, X°'°, X0'+) ~ (X+'-, X+'O, X+'+), 
which completes the proof of (b2); (b3) is similar. □ 



6.5 Lemma. Conditions I5.1( cl.c2) are satisfied. 

Proof. Restricting the field ^ = {^t)tm^ = (6i,i2)ii,t2eM to the line ^2 = we 
get a process (Ct,o)teK distributed like the process ^ of Sect. HI On the other 
hand, the field ^ is distributed like the sum +,^_|_ of two independent fields 
defined by = ^a2^«i.«2- Restricting ourselves to the fine ^2 = we see 
that the process (Ct,o)teK is distributed like the sum (^_(t, 0) + C,+(t,0))tm 
of two independent processes. This decomposition is similar to the de- 
composition of Sect, m (but different; in fact, E^_(s, 0)^_(t, 0) = $((— s — 
t)/V2) exp(-0.5(s-t)2) and EC+(s, 0)C+(t,0) = ^(ls+t)/V2) exp(-0.5(s- 
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tf). Still, ^J|S_(0.25A;)|| < oo, where = 0) + 0). We 

introduce four random fields 



'^11 / J ^ai,a2 ' 



they are independent, and each is distributed like ^ai- Also, 

X°'0 = «ln|C+d+0.5«CEuler, 

(6.6) = aln|^+ + ^+| +0.5aCE 



^Euler 



X-''' = a In IC + C I + O.SaCEuier • 
The argument of Sect. Hlapphes, giving 

E exp I' \Xif - Xj^°| dt + \Xtf - Xj^°| dt^ < oo , 

which is (cl); (c2) is similar. □ 
In order to verify (c3) we need a two-dimensional counterpart of Theorem 

EH 

6.7 Proposition. Let a number C G (0, oo), a measurable set A C and 
Gaussian random fields C,,Ti,ri' on A be such that 

(a) ^,ri,ri' are independent; 

(b) 7] and r]' are identically distributed; 

(c) for all u,v E [0, 1), 

J2 {E\r^{k + u,l + v)\Y^'<C; 

(d) for all M, f G [0, 1), n G {1,2,...} and Ofc,/ G C {k,l = 0, . . . ,n), 



E 



2 

> 



afc,i(^(fc + M, / + f) + ?7(A; + u, / + ?;)) 

fc,/e{0,...,n}:(fc+M,«+t))eA 

A:,«e{0,...,n};{A:+M,i+?;)eA 

Then 

w ff^ + l^(^i'^2) + V(^i,^2)L, . .^2 , r^-,\ 
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The proof is left to the reader; it is completely similar to the proof of 
Theorem I3.1[ 

6.8 Lemma. Condition I5.1( c3) is satisfied (for some a). 

Proof. We split the given integral over into 8 integrals according to sgnti, 
sgnt2 and sgn(ti — ^2)- These 8 integrals being identically distributed (by 
symmetry), we take one of them; using the Holder inequality and evident 
symmetries, 

E exp // K'S^ - X!^:i:-' - X^X'^ + XZI^^^^'^ I dUdh < 



< E exp 8 / / ixj;^ - x+;° - xJX + 1 dtidt2 < 

J Jti>t2>0 



< (e exp 16 // iXj;^ - X+;° I dhdh) ■ 

\ J Jti>t2>0 / 

E exp 16 // \X^;X - X+;,t I dhdh) 

V J Jti>t2>0 J 



1/2 



By (ED, 



^0,0 ^+,0 1 |C(tl,t2)+C(^l,^2)| 



Similarly to Sect. HI 



V32a' 


V32a 


tl 


t2 


V32a' 


V32a 


tl 


t2 


V32a' 


V32a 



JJh>t2>0 \^{tl,t2) +r]{ti,t2)\ 

where i^, r] and 77' are defined by 

i{ti,t2) = 2^t{ 
viti,t2) = 2e{ 

V(ti,t2)=2C( 

Finiteness of this expectation is ensured by Prop. 16.71 applied to 

A = {{ti,t2):ti>t2>0} 
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provided that Conditions I6.7( a.b.c.d) are satisfied by ^, rj and rj' (for some a 
and C). 

Conditions I6.7( a.b) follow from (16. 3p . Condition (c) is satisfied since 



a 



a 



is exponentially small whenever ti ^ 1 (irrespective of ^2); here S_(ti,t2) 
S„ _(ti,t2) + 2___|_(i(:i, t2)- (The condition ti > ^2 > is also used.) 
In order to check [GTT d) we consider (for given u,v & [0, 1)) vectors 



2S 



ki + u k2 + V 



a 



and rewrite 16.7( d) in the form 



> 



here /c runs over a finite subset of Z^. (The condition fci + -u > ^2 + f > is 
now irrelevant.) We note that in general 



dkXk 



> 



(since \akai{xk,xi)\ < 0.5(|afcp + |ajp)|(a;fc, Xi)|), therefore the condition 

|2 



I (xfc, Xi) I > 1 for all A; 



is sufficient for 16.7( d). 

We have 



\{xki,k2^^h,h) \ = 4exp ( - 0.5 



{k, -hf + {k2-i2y 

32a 

Clearly, ^i-^/, \ {xk,xi)\ — as a ^ 0, uniformly in k. Choosing a such that 
Y.i^k\i^k,xi)\ < 3 we get ||xfc|p - Y.i^k \{^k,xi) \ > 1, therefore, O^d). 

By Prop, m Eexp32/4^^^^„(Xj;^ - X+fJ+dtidt2 < 00. 
By symmetry, E exp 32 //^^^^^^^(XjJ^ - X+fJ-dtidts < 00, 
thus, E exp 16 //^^^j^^ - Xjfj dtidts < 00. Similarly, 

E exp 16//, , \Xt;X - X+'+l dtidt2 < 00, since 



Ea,,a2Cl:litl,t2)\ \C{tut2)+Ct{tl,t2)\ 
Ea„a.ei',t.(tl,t2)| " \C{tut2)+Ctitl,t2)\ 
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where = J2a2 ^a\'J^2 independent random fields, and each is 

distributed hke ^ai- 

□ 

6.9 Remark. Similarity between Sections H] and is broken near the end; the 
proof of 16.7( d) is quite different from the proof of 13.1( d). Fourier transform 
works in Sect. Hlbut fails in Sect. El since the field ^ is not stationary. This 
is why a(ln |,^| + const) is splittable for a small enough in Sect. El while in 
Sect, m it is splittable for a = 1 (and in fact for all a < cxd, by the same 
argument). However, it does not matter for Theorems [2] and since their 
conclusions are insensitive to such coefficients. 

All conditions of Def. 15.11 are verified, and we conclude. 

6.10 Theorem. The stationary random field X is splittable. 

7 Random complex zeroes 

Theorem El Corollary El and Corollary [71 formulated in the introduction, are 
proved in this section. 

The random entire function iIj{z) = YlT=o ^tIt (where (k are independent 
standard Gaussian) is a centered Gaussian complex-valued random field on 
C such that Kip{zi)ip{z2) = exp{ziZ2) for all ,21,-22 G C. We define another 
centered Gaussian complex-valued random field ^ on by 

= exp(-0.5(|ti|2 + \t2\^))tlj{h + hi) 

and get 

E^,Z = exp(-is A t - 0.5\s - tp) , 

just as in Sect. El 

By a test function we mean a compactly supported C^-function : — >■ 
R. Random variables 

Z{h)= h{Rez,lmz) 

z:'4>{z)=0 

are investigated in ^ and other works; 

EZ{h) = -[[ h{ti,t2)dtidt2 
(an immediate consequence of the Edelman-Kostlan formula), and 
Z{h)-EZ{h) = ^ [[ \n\^{tut2)\f{ti,t2)dhdt2 
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where / = Ah, that is, /(ti,t2) = + ^^Kh^t^). 
Given r G (0, cxd), we introduce 



\r r / \r r / 

and note that 



By [HI (0.6) and Sect. 3.3], 

VarZ(M = ^l|A/.||L(^.) + o(^ 



as r — > oo 



where k G (0, oo) is an absolute constant. 

Using X and a of Sect. Owe have In l^t^^tjl = ^Xti,t2 + const, thus (taking 
into account that // fr{ti,t2) dtidt2 = 0), 

Z{K)-EZ{K) = -^ [[ fr{h,t2)Xt,^t,dhdt2. 

By Theorem 16. 101 X is sphttable. Theorem 15.21 gives a G [0, oo) (an absolute 
constant) such that 

lis ^1^^ ^^P^ [[ fritl,t2)Xt,,t2dtidt2 = ^||/||i2(R2) , 

that is, 

lim ^InE exp27rar2A(Z(/i^) -EZ(/i^)) = - "^"^ 

or equivalently, 

lim — ^InE expr2A(Z(/i^) -EZ(/i^)) ^ 



It follows that 

„ „„2 1 1 



2(27ra)2 r^oo a^o 



lim — lim — In E exp r A(Z(/i^) -EZ(/i^)) 



1 1 



lim — ■ -r Var Z{hr) 



r— >oo 



r2 2 



54 



that is, a = liia-JT^. We get 

iHS ;:^lnEexpr2A(Z(M-EZ(M) = ^r"' 

which proves Theorem 
By Corollary 15.31 

_lim_ ilnP^ /"/" /.(ti,t2)Xi,,t,dtidt2>ca||/||r 

(clog2 r)/r^O \ J J 

that is, 



1 



_lim_ ilnPf 27rar2(Z(M > ca||/||r ^ 

Taking into account that a = l-na^fK we get 



(clog2 r)/T'-.0 ^ / 



c^/;^llfll^ _i 

2 



which proves Corollary [6l 

By Corollary 15 .41 the distribution of r"^ J J /^(ti, t2)-^ii,i2 dtidt2 converges 
(as r — * oo) to the normal distribution A^(0, (T^||/|p). That is, 

27rar(Z(/i,.) -EZ(/i,.)) ^ A^(0,(Tl/f ) in distribution, 
and therefore 

r[Z{hr)-'^Z%)) n(^0, [^^y^ = ^(0,«;||/ir) in distribution, 
which proves Corollary [71 
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